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Abstract. We give a characterization of inverse sequences with upper
semicontinuous bonding functions fi : [0, 1] ⊸ [0, 1] for which the inverse
limit of the inverse sequence with f−1
i
as bonding functions is connected.
As a byproduct, we obtain another characterization of connected in-
verse limits of inverse sequences with a single bonding function.
1. Introduction
Connectedness of inverse limits of inverse sequences with upper semi-
continuous (set-valued) bonding functions has been one of the most popular
subjects of investigation in the theory of such inverse limits. Many papers
were published, giving different sufficient or necessary conditions for the in-
verse limit to be connected (many references may be found in [5]). S. Green-
wood and J. Kennedy gave, using so-called component cropping sequences, a
characterization of connected inverse limits of inverse sequences of intervals
with upper semicontinuous bonding functions whose graphs are connected and
surjective ([2]). Also, V. Nall proved the following theorem, giving a charac-
terization of connected inverse limits of inverse sequences of intervals with a
single upper semicontinuous bonding function whose graph is surjective ([7]).
Theorem 1.1 ([7, Theorem 3.3, p. 171]). Let f : [0, 1]→ 2[0,1] be an up-




{[0, 1], f}∞i=1 is connected.
2. lim
←−
{[0, 1], f−1}∞i=1 is connected.
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Then, W. T. Ingram stated the following problem about connections of




i=1 concerning a possible gen-
eralization of Theorem 1.1.
Problem 1.1 ([5, Problem 6.7, p. 78]). Suppose (fi) is a sequence of
upper semicontinuous functions on [0, 1] with surjective graphs and that
lim
←−
{[0, 1], fi}∞i=1 is connected. Let (gi) be the sequence such that gi = f
−1
i
for each positive integer i. Is lim
←−
{[0, 1], gi}∞i=1 connected?
This problem has already been solved. The question was answered in
the negative (see [1, 4]). Motivated by the above problem, we give a char-
acterization of inverse sequences {[0, 1], fi}∞i=1 for which the inverse limit
lim
←−
{[0, 1], f−1i }
∞
i=1 is connected. Moreover, we give a new characterization of
connected inverse limits of inverse sequences of intervals with a single bonding
function.
2. Definitions and notation
2[0,1] denotes the set of all nonempty closed subsets of [0, 1]. A function
f : [0, 1] → 2[0,1] is upper semicontinuous at a point x ∈ [0, 1] provided that
if V is any open set in [0, 1] containing f(x) then there is an open set U
in [0, 1] containing x such that f(t) ⊆ V for any t ∈ U ; f is called upper
semicontinuous if it is upper semicontinuous at each point of [0, 1].
The graph Γ(f) of a function f : [0, 1] → 2[0,1] is the set of all points
(x, y) ∈ [0, 1]× [0, 1] such that y ∈ f(x). The following is a well known result;
the proof can be found in [5, Theorem 1.2, p. 3].
Theorem 2.1. Let f : [0, 1] → 2[0,1] be a function. Then f is upper
semicontinuous if and only if its graph Γ(f) is closed in [0, 1]× [0, 1].
We use f : [0, 1] ⊸ [0, 1] to denote upper semicontinuous functions f :
[0, 1]→ 2[0,1].
We say that the graph of a function f : [0, 1] → 2[0,1] is surjective if for
each y ∈ [0, 1] there is a point x ∈ [0, 1] such that y ∈ f(x).
Let f : [0, 1] → 2[0,1] be a function with a surjective graph. Then we
define f−1 : [0, 1] → 2[0,1] by f−1(x) = {y ∈ [0, 1] | x ∈ f(y)}. Note that
f is upper semicontinuous if and only if f−1 is upper semicontinuous since
Γ(f−1) = {(x, y) ∈ [0, 1]× [0, 1] | (y, x) ∈ Γ(f)}.
In this paper we deal with inverse sequences {Ii, fi}∞i=1, where Ii are
closed intervals [0, 1] and fi : Ii+1 ⊸ Ii are upper semicontinuous functions.
The inverse limit of an inverse sequence {Ii, fi}
∞








that xi ∈ fi(xi+1) for each i. The inverse limit is denoted by lim−⊸{Ii, fi}
∞
i=1.
For more information see [3, 6].
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S. Greenwood and J. Kennedy introduced the concept of so-called compo-
nent cropping sequences (or CC-sequences) to characterize connected inverse
limits over intervals, see [2] for more details. Since the concept of the com-
ponent cropping sequences is new, we describe it in every detail through the
following definitions.
Definition 2.2. For each positive integer i, let Ii = [0, 1], and let
ai, ai+1, bi, bi+1 ∈ [0, 1]
such that ai < bi, ai+1 < bi+1, [ai, bi] 6= [0, 1], and [ai+1, bi+1] 6= [0, 1]. Then
1. Ti(ai, ai+1, bi, bi+1) = (Ii+1 × (bi, 1]) ∪ ([ai+1, bi+1]× [ai, bi]),
2. Bi(ai, ai+1, bi, bi+1) = (Ii+1 × [0, ai)) ∪ ([ai+1, bi+1]× [ai, bi]),
3. Li(ai, ai+1, bi, bi+1) = ([0, ai+1)× Ii) ∪ ([ai+1, bi+1]× [ai, bi]),
4. Ri(ai, ai+1, bi, bi+1) = ((bi+1, 1]× Ii) ∪ ([ai+1, bi+1]× [ai, bi]),
5. TLi(ai, ai+1, bi, bi+1) = (Ii+1× (bi, 1])∪ ([0, ai+1)× Ii)∪ ([ai+1, bi+1]×
[ai, bi]),
6. TRi(ai, ai+1, bi, bi+1) = (Ii+1× (bi, 1])∪ ((bi+1, 1]× Ii)∪ ([ai+1, bi+1]×
[ai, bi]),
7. BLi(ai, ai+1, bi, bi+1) = (Ii+1× [0, ai))∪ ([0, ai+1)× Ii)∪ ([ai+1, bi+1]×
[ai, bi]),
8. BRi(ai, ai+1, bi, bi+1) = (Ii+1× [0, ai))∪ ((bi+1, 1]× Ii)∪ ([ai+1, bi+1]×
[ai, bi]).
Remark 2.3. If for a j ∈ {i, i+ 1}, bj = 1 then (bj , 1] = ∅. Similarly, if
for a j ∈ {i, i+ 1}, aj = 0 then [0, aj) = ∅.
Figure 1. The sets defined in Definition 2.2, where for each j ∈
{i, i+ 1}, aj 6= 0 and bj 6= 1.
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Definition 2.4. Suppose that ε > 0, i is a positive integer, Ii and Ii+1
are both equal to [0, 1], fi : Ii+1 ⊸ Ii is an upper semicontinuous function,
ai, ai+1, bi, bi+1 ∈ [0, 1] are such elements that
1. ai < bi,
2. ai+1 < bi+1,
3. [ai, bi] 6= Ii,
4. [ai+1, bi+1] 6= Ii+1,
and that Xi denotes one of the following notation Ti, Bi, Li, Ri, TLi,
TRi, BLi, BRi (for example, if Xi = TLi, then Xi(ai, ai+1, bi, bi+1) denotes
TLi(ai, ai+1, bi, bi+1)).
Let C′i be any connected component (or shortly component) of
Γ(fi) ∩ ((ai+1 − ε, bi+1 + ε)× (ai − ε, bi + ε))
such that C′i is a subset of Xi(ai, ai+1, bi, bi+1). If C
′
i∩([ai+1, bi+1]× [ai, bi]) 6=
∅, then each component Ci of C′i ∩ ([ai+1, bi+1]× [ai, bi]) is called an Xi-set,
framed by [ai+1, bi+1]× [ai, bi]. We denote this by
Γ(fi) ⊏Ci Xi(ai, ai+1, bi, bi+1).
Definition 2.5. Let {Ii, fi}
∞
i=1 be an inverse sequence of intervals Ii =
[0, 1] and upper semicontinuous functions fi : Ii+1 ⊸ Ii with surjective and
connected graphs. Also, let (p1, p2, p3, . . .) ∈ lim−⊸{Ii, fi}
∞
i=1, let m and n be
positive integers, m+1 ≤ n, and for each i ∈ {m,m+1,m+2, . . . , n, n+1},





is called a component cropping sequence over [m,n] for {fi | i = 1, 2, 3, . . .}
with respect to (p1, p2, p3, . . .), if

















2. for each i ∈ {m,m+ 1,m+ 2,m+ 3, . . . , n}, there is a component Ci
of
Γ(fi) ∩ ([ai+1, bi+1]× [ai, bi])
such that (pi+1, pi) ∈ Ci and
(a) Γ(fm) ⊏Cm Rm(am, am+1, bm, bm+1) or
Γ(fm) ⊏Cm Lm(am, am+1, bm, bm+1).
(b) • if n = m+ 1, then
Γ(fm+1) ⊏Cm+1 Tm+1(am+1, am+2, bm+1, bm+2)
if Γ(fm) ⊏Cm Lm(am, am+1, bm, bm+1), and
Γ(fm+1) ⊏Cm+1 Bm+1(am+1, am+2, bm+1, bm+2)
if Γ(fm) ⊏Cm Rm(am, am+1, bm, bm+1);
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• if n > m+ 1, then
Γ(fm+1) ⊏Cm+1 BRm+1(am+1, am+2, bm+1, bm+2)
or
Γ(fm+1) ⊏Cm+1 BLm+1(am+1, am+2, bm+1, bm+2)
if Γ(fm) ⊏Cm Rm(am, am+1, bm, bm+1), and
Γ(fm+1) ⊏Cm+1 TRm+1(am+1, am+2, bm+1, bm+2)
or
Γ(fm+1) ⊏Cm+1 TLm+1(am+1, am+2, bm+1, bm+2)
if Γ(fm) ⊏Cm Lm(am, am+1, bm, bm+1);
(c) if m+ 1 ≤ i < n− 1, then
Γ(fi+1) ⊏Ci+1 BLi+1(ai+1, ai+2, bi+1, bi+2)
or
Γ(fi+1) ⊏Ci+1 BRi+1(ai+1, ai+2, bi+1, bi+2)
if Γ(fi) ⊏Ci BRi(ai, ai+1, bi, bi+1) or
Γ(fi) ⊏Ci TRi(ai, ai+1, bi, bi+1),
and
Γ(fi+1) ⊏Ci+1 TLi+1(ai+1, ai+2, bi+1, bi+2)
or
Γ(fi+1) ⊏Ci+1 TRi+1(ai+1, ai+2, bi+1, bi+2)
if Γ(fi) ⊏Ci BLi(ai, ai+1, bi, bi+1) or
Γ(fi) ⊏Ci TLi(ai, ai+1, bi, bi+1);
(d) if n > m+ 1, then
Γ(fn) ⊏Cn Bn(an, an+1, bn, bn+1)
if Γ(fn−1) ⊏Cn−1 BRn−1(an−1, an, bn−1, bn) or
Γ(fn−1) ⊏Cn−1 TRn−1(an−1, an, bn−1, bn), and
Γ(fn) ⊏Cn Tn(an, an+1, bn, bn+1)
if Γ(fn−1) ⊏Cn−1 BLn−1(an−1, an, bn−1, bn) or
Γ(fn−1) ⊏Cn−1 TLn−1(an−1, an, bn−1, bn).
We say that {fi | i = 1, 2, 3, . . .} admits a component cropping sequence, if
there are
1. (p1, p2, p3, . . .) ∈ lim−⊸{Ii, fi}
∞
i=1,
2. positive integers m and n, m+ 1 ≤ n, and
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3. a component cropping sequence over [m,n] for {fi | i = 1, 2, 3, . . .}
with respect to (p1, p2, p3, . . .).
The following theorem is a characterization of connected inverse limits.
Theorem 2.6 ([2, Theorem 1.6.]). Let {Ii, fi}∞i=1 be an inverse sequence
of intervals Ii = [0, 1] and upper semicontinuous functions fi : Ii+1 ⊸ Ii with
surjective and connected graphs. The following statements are equivalent.
1. The inverse limit lim−⊸{Ii, fi}
∞
i=1 is not connected.
2. {fi | i = 1, 2, 3, . . .} admits a component cropping sequence.
3. Main results
In this section we give a characterization of inverse sequences {Ii, fi}∞i=1





We start with two examples (also demonstrating how component cropping
sequences can be used), where we construct inverse sequences {[0, 1], fi}∞i=1
and {[0, 1], gi}∞i=1 such that
1. lim−⊸{[0, 1], fi}
∞
i=1 is connected, and
2. lim−⊸{[0, 1], gi}
∞
i=1 is not connected,
giving an alternative solution of Problem 1.1.
Example 3.1. Let {[0, 1], fi}∞i=1 be the inverse sequence with upper semi-







[0, 1], x = 0,
{x, 1}, 0 < x ≤ 14 ,
{1}, 14 < x ≤ 1,







[0, 1], x = 0,
{1}, 0 < x < 14 ,
{ 13 (x+ 2), 1},
1
4 ≤ x ≤ 1,
and fi : [0, 1] ⊸ [0, 1], fi(x) = {x}, for all i ≥ 3.
Each point x = (x1, x2, x3, . . .) ∈ lim−⊸{[0, 1], fi}
∞
i=1 has one of the follow-
ing forms.
(1) If x1 ∈ [0,
1
4 ], then the following two cases are possible:
• x = (x1, 0, 0, 0, . . .),
• x = (x1, x1, 0, 0, . . .).
(2) If x1 ∈ (
1
4 , 1), then x = (x1, 0, 0, 0, . . .).
(3) If x1 = 1, then there are the following possible cases.
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• If x2 ∈ [0,
3
4 ), then x = (1, x2, 0, 0, . . .).
• If x2 ∈ [
3
4 , 1), then the following cases are possible:
– x = (1, x2, 0, 0, . . .),
– x = (1, x2, 3x2 − 2, 3x2 − 2, . . .).
• If x2 = 1, then x = (1, 1, x3, x3, . . .), where x3 ∈ [0, 1].
Therefore, the inverse limit lim−⊸{[0, 1], fi}
∞
i=1 is the union of the following five
arcs:
• the arc A1 = {(t, t, 0, 0, . . .) | t ∈ [0,
1




4 , 0, 0, . . .)
and (0, 0, 0, 0, . . .),
• the arc A2 = {(t, 0, 0, 0, . . .) | t ∈ [0, 1]} with endpoints (0, 0, 0, 0, . . .)
and (1, 0, 0, 0, . . .),
• the arc A3 = {(1, t, 0, 0, . . .) | t ∈ [0, 1]} with endpoints (1, 0, 0, 0, . . .)
and (1, 1, 0, 0, . . .),
• the arc A4 = {(1, 1, t, t, . . .) | t ∈ [0, 1]} with endpoints (1, 1, 0, 0, . . .)
and (1, 1, 1, 1, . . .),
• the arc A5 = {(1, t, 3t − 2, 3t − 2, . . .) | t ∈ [
3
4 , 1]} with endpoints




4 , . . .).
Since Ai ∩ Aj 6= ∅ if and only if |i − j| = 1 for all i 6= j, and since Ai ∩ Ai+1
contains only the common endpoint for each i, it follows that the inverse limit
lim−⊸{[0, 1], fi}
∞
i=1 is an arc. Therefore, lim−⊸{[0, 1], fi}
∞
i=1 is connected.
Example 3.2. Let {[0, 1], gi}
∞
i=1 be the inverse sequence with upper semi-







{0, x}, 0 ≤ x ≤ 14 ,
{0}, 14 < x < 1,
[0, 1], x = 1,







{0}, 0 ≤ x < 34 ,
{0, 3x− 2}, 34 ≤ x < 1,
[0, 1], x = 1,
and gi : [0, 1] ⊸ [0, 1], gi(x) = {x}, for all i ≥ 3.
We use Theorem 2.6 to prove that lim−⊸{[0, 1], gi}
∞
i=1 is not connected.






4 , . . .) ∈ lim−⊸{[0, 1], gi}
∞




8 ], A2 =
[ 316 ,
5










i=1 is a component cropping sequence over [1, 2] for {gi | i = 1, 2, 3, . . .}
with respect to p. Therefore, lim−⊸{[0, 1], gi}
∞
i=1 is not connected by Theorem
2.6 (see Figure 2).
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One can easily see that the above examples prove that there is an inverse
sequence {Ii, fi}∞i=1 of closed intervals Ii = [0, 1] and upper semicontinuous
functions fi : Ii+1 ⊸ Ii with surjective and connected graphs such that
1. lim−⊸{[0, 1], fi}
∞
i=1 is connected, and




i=1 is not connected.
Our next goal is to give a characterization of inverse sequences {[0, 1], fi}∞i=1




i=1 is connected. Obviously, the in-




i=1 is connected if and only if {f
−1
i | i = 1, 2, 3, . . .}
does not admit a component cropping sequence (by Theorem 2.6). This is a




i=1 using the in-
verses f−1i of the bonding functions fi. In Theorem 3.5, we give a charac-




i=1 using the bonding
functions fi instead of their inverses f
−1
i , i.e. we give necessary and sufficient





be connected. First we define inverse component cropping sequences.
Definition 3.3. Let {Ii, fi}∞i=1 be an inverse sequence of intervals Ii =
[0, 1] and upper semicontinuous functions fi : Ii+1 ⊸ Ii with surjective and
connected graphs. Also, let (p1, p2, p3, . . .) ∈
∏
∞
i=1[0, 1], let m and n be positive
integers, m+1 ≤ n, for each i ∈ {m,m+1,m+2, . . . , n}, let ai, bi ∈ [0, 1] ⊆ Ii
such that ai < bi and [ai, bi] 6= [0, 1], and let a′i, b
′
















is called an inverse component cropping sequence over [m,n] for {fi | i =
1, 2, 3, . . .} with respect to (p1, p2, p3, . . .), if
1. for each positive integer i, p2i−1 = p2i+2 and (p2i, p2i−1) ∈ Γ(fi),
2. for each i ∈ {m,m+ 1,m+ 2, . . . , n− 1}, [a′i+1, b
′
i+1] = [ai, bi],
INVERSE COMPONENT CROPPING SEQUENCES 379







such that (p2i, p2i−1) ∈ Ci and










(b) • if n = m+ 1, then




















• if n > m+ 1, then
































(c) if m+ 1 ≤ i < n− 1, then
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(d) if n > m+ 1, then






























We say that {fi | i = 1, 2, 3, . . .} admits an inverse component cropping
sequence, if there are




2. positive integers m and n, m+ 1 ≤ n, and
3. an inverse component cropping sequence over [m,n] for {fi | i =
1, 2, 3, . . .} with respect to (p1, p2, p3, . . .), see Figure 3.
We use the following lemma in the proof of Theorem 3.5.
Lemma 3.4. Let {Ii, fi}∞i=1 be an inverse sequence of intervals Ii = [0, 1]
and upper semicontinuous functions fi : Ii+1 ⊸ Ii with surjective and con-
nected graphs. The following statements are equivalent.
1. {f−1i | i = 1, 2, 3, . . .} admits a component cropping sequence.
2. {fi | i = 1, 2, 3, . . .} admits an inverse component cropping sequence.
Proof. Suppose {f−1i | i = 1, 2, 3, . . .} admits a component cropping
sequence. Let





2. m and n be positive integers, m+ 1 ≤ n, and
3. ([ai, bi])
n+1
i=m be a component cropping sequence over [m,n] for {f
−1
i |i =
1, 2, 3, . . .} with respect to (p1, p2, p3, . . .).
Next, let
1. for each positive integer i, q2i = pi and q2i−1 = pi+1,
2. (cm, cm+1, cm+2, . . . , cn) = (am+1, am+2, am+3, . . . , an+1),





m+2, . . . , c
′





m+2, . . . , d
′
n) = (bm, bm+1, bm+2, . . . , bn).






i=m satisfies all of the conditions of Definition
3.3 for (q1, q2, q3, . . .) and {fi | i = 1, 2, 3, . . .}, and it is therefore an inverse
component cropping sequence over [m,n] for {fi | i = 1, 2, 3, . . .} with respect
to (q1, q2, q3, . . .).
Conversely, suppose that {fi | i = 1, 2, 3, . . .} admits an inverse component
cropping sequence. Let
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2. m and n be positive integers, m+ 1 ≤ n, and






i=m be an inverse component cropping sequence over
[m,n] for {fi | i = 1, 2, 3, . . .} with respect to (p1, p2, p3, . . .).
Next, let









Figure 3. Inverse component cropping sequences.
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2. for each i ∈ {m,m + 1,m + 2, . . . , n}, [ci, di] = [a′i, b
′
i], and
[cn+1, dn+1] = [an, bn].
It follows that ([ci, di])
n+1
i=m satisfies all of the conditions of Definition 2.4
for (q1, q2, q3, . . .) and {f
−1
i | i = 1, 2, 3, . . .}, and it is therefore a compo-
nent cropping sequence over [m,n] for {f−1i | i = 1, 2, 3, . . .} with respect to
(q1, q2, q3, . . .).
Theorem 3.5. Let {Ii, fi}∞i=1 be an inverse sequence of intervals Ii =
[0, 1] and upper semicontinuous functions fi : Ii+1 ⊸ Ii with surjective and






2. {fi | i = 1, 2, 3, . . .} does not admit an inverse component cropping
sequence.




i=1 is connected if and only if
{f−1i | i = 1, 2, 3, . . .} does not admit a component cropping sequence by
Theorem 2.6.
{f−1i | i = 1, 2, 3, . . .} does not admit a component cropping sequence if
and only if {fi | i = 1, 2, 3, . . .} does not admit an inverse component cropping
sequence by Lemma 3.4.















Figure 4. The graphs Γ(f1), Γ(f2), Γ(f3) and Γ(f4).
Example 3.6. Let {Ii, fi}∞i=1 be an inverse sequence of intervals Ii =
[0, 1] and upper semicontinuous functions fi : Ii+1 ⊸ Ii with surjective and
connected graphs. The graphs of f1, f2, f3 and f4 are pictured in Figure 4.
For each positive integer i > 4, let fi(x) = {x} for each x ∈ Ii+1.
As seen in the figure, there is an inverse component cropping sequence
over [1, 4] for {fi | i = 1, 2, 3, . . .} with respect to (p1, p2, p3, p1, p5, p3, p7, p5, p7,
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i=1 is not connected by The-
orem 3.5.
In the following theorem we prove that for the inverse limits of inverse
sequences with a single bonding function, the existence of a component crop-
ping sequence is equivalent to existence of an inverse component cropping
sequence.
Theorem 3.7. Let {Ii, f}∞i=1 be an inverse sequence of intervals Ii = [0, 1]
and a single upper semicontinuous bonding function f : Ii+1 ⊸ Ii with a
surjective and connected graph. The following statements are equivalent.
1. {f | i = 1, 2, 3, . . .} admits a component cropping sequence.
2. {f | i = 1, 2, 3, . . .} admits an inverse component cropping sequence.
Proof. {f | i = 1, 2, 3, . . .} admits a component cropping sequence if
and only if lim−⊸{Ii, f}
∞
i=1 is not connected by Theorem 2.6. lim−⊸{Ii, f}
∞
i=1 is
not connected if and only if lim−⊸{Ii, f
−1}∞i=1 is not connected by Theorem 1.1.
lim−⊸{Ii, f
−1}∞i=1 is not connected if and only if {f | i = 1, 2, 3, . . .} admits an
inverse component cropping sequence by Theorem 3.5.
The following corollary gives another characterization of connected inverse
limits of inverse sequences of intervals with a single bonding function.
Corollary 3.8. Let {Ii, f}
∞
i=1 be an inverse sequence of intervals Ii =
[0, 1] and a single upper semicontinuous bonding function f : Ii+1 ⊸ Ii with








i=1 is connected if and only if {f | i = 1, 2, 3, . . .}
does not admit a component cropping sequence by Theorem 2.6. {f | i =
1, 2, 3, . . .} does not admit a component cropping sequence if and only if
{f | i = 1, 2, 3, . . .} does not admit an inverse component cropping sequence
by Theorem 3.7.
Acknowledgements.
This work is supported in part by the Slovenian Research Agency (re-
search program P1-0285). We thank the referees for careful reading and to
help us to improve the paper.
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